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We demonstrate that measurements of atom-number fluctuations in a trapped dipolar condensate can reveal
the presence of the elusive roton excitation. The key signature is a super-Poissonian peak in the fluctuations
as the size of the measurement cell is varied, with the maximum occurring when the size is comparable to
the roton wavelength. The magnitude of this roton feature is enhanced with temperature. The variation in
fluctuations across the condensate demonstrates that the roton excitations are effectively confined to propagate
in the densest central region, realizing a density trapped roton gas. While our main results are based on full
numerical solutions of the meanfield equations, we also develop and validate a simple local density theory.
Finally, we consider fluctuations measured within a washer-shaped cell which filters out the contribution of
modes with nonzero angular momentum and provides a signal sensitive to individual roton modes.
PACS numbers: 67.85-d,67.85.Bc
Introduction Bose-Einstein condensates (BECs) have been
created with the highly magnetic atoms chromium [1], dys-
prosium [2] and erbium [3]. The key new feature of these
systems is a long ranged and anisotropic dipole-dipole inter-
action (DDI), which gives rise to a rich array of new physics
for ultra-cold gases [4]. An important prediction made in 2003
was that a rotonic-like excitation would emerge in a conden-
sate that is tightly confined along the direction that the dipoles
are polarized [5] (also see [6]). To date there has been no
experimental evidence for the existence of these excitations,
and increasing attention is turning to developing signatures
for detecting their presence, such as structure formation in the
ground state density profiles [6–9], anisotropic superfluidity
[10, 11] and sensitivity to perturbations [12–14].
The rotons within dipolar BECs arise when tight axial con-
finement, of length scale lz , causes the effective interaction in
the weakly confined (in-plane) directions to become momen-
tum dependent [15]. For in-plane momenta ~kρ . ~/lz the
DDI is repulsive, while for ~kρ & ~/lz it crosses over to being
attractive, energetically softening these modes and causing the
roton to emerge with a wavelength λrot∼ lz . These rotons are
sensitive to the condensate density and, due to the radial trap-
ping, they are effectively confined as a roton gas in the high
density central part of the condensate [16].
Here we investigate how rotons manifest in the fluctuations
of a dipolar BEC. This is motivated by significant develop-
ments made in BEC imaging systems to allow precise in situ
measurements of density (e.g. see [17]). Such measurements
actually determine the atom number Nˆσ within a finite-sized
cell σ, with the cell parameters determined by the imaging
system [18]. In equilibrium the number fluctuations
δN2σ ≡ 〈Nˆ2σ〉 −N2σ , (1)
about the mean number Nσ ≡ 〈Nˆσ〉 are crucially dependent
on the cell size [19]: for cells smaller than all relevant length
scales (i.e. healing length and thermal de Broglie wavelength)
the fluctuations are Poissonian δN2σ = Nσ , whereas for large
cells the thermodynamic result holds δN2σ = NσkBTnκT ,
with n the density and κT the isothermal compressibility.
DDIs introduce two important features for fluctuations: (1)
the roton wavelength introduces a new length scale which is
revealed as the cell size changes; (2) the attractive nature of
the interaction for short wavelengths induces enhanced fluc-
tuations, this is in contrast to the suppression of fluctuations
expected in a condensate with short-ranged s-wave interac-
tions [20].
FIG. 1. (color online) Schematic geometry of the system we con-
sider: a radially symmetric pancake condensate realized by tight con-
finement along z; cylinder and washer-shaped cells in which number
fluctuations are measured. The cylindrical cell is parameterized by
the radius R from trap center to the cylinder axis, and its diameter
D. The washer-shaped cell is centered on the trap center, and is pa-
rameterized by the mid-radius R and width W . For both cells the z
extent is taken to be larger than the condensate thickness.
Formalism The geometry of the tightly confined (pancake)
dipolar condensate and the types of cells in which we measure
number fluctuations are shown in Fig. 1. The two cell shapes
we consider are cylindrical and washer-shaped cells with the z
extent of these cells being larger than the condensate thickness
in this direction. The cylindrical cell can be realized experi-
mentally using absorption imaging (column density along z)
with the minimum diameter (D) being set by the spot size of
the imaging system (e.g. see [18, 21, 22]). These measure-
ments are made using a charged coupled device in which the
pixel size is typically much smaller than the spot size. Cells
with more general shapes in the xy-plane can be realized by
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2collecting the signal from a set of pixels, e.g. larger diameter
cylinders and the washer-shaped case that we consider later.
The cell number operator is Nˆσ ≡
∫
σ
d3x Ψˆ†(x)Ψˆ(x), with
Ψˆ(x) the bosonic field operator and σ denoting the cell vol-
ume. Within a meanfield approach, valid for weakly interact-
ing condensates, the field operator takes the form
Ψˆ(x) ≈ ψ0(x) +
∑
i
[
ui(x)αˆi − v∗i (x)αˆ†i
]
. (2)
In the above expression ψ0 is the condensate wavefunction
(normalized to the condensate number N0), which satisfies
the nonlocal dipolar Gross-Pitaevskii equation (GPE) [23]
µψ0 =
[
−~
2∇2
2m
+V (x)+
∫
d3x′U(x−x′)|ψ0(x′)|2
]
ψ0,
(3)
where µ is the chemical potential. For dipoles polarized along
z the inter-atomic interaction potential is of the form
U(r) = gδ(r) +
3gdd
4pi
1− 3 cos2 θ
|r|3 , (4)
where the short-range interaction is characterized by the con-
tact parameter g = 4pias~2/m, with as the s-wave scattering
length. The DDI parameter is gdd = µ0µ2m/3, with µm is the
magnetic dipole moment, and θ is the angle between r and
the z axis. The atoms are taken to be harmonically confined
by a potential V (x) = 12mω
2
ρ(ρ
2 + λ2z2) with λ = ωz/ωρ.
The amplitudes {ui, vi}, with energy eigenvalues j , describe
the linearized quasiparticle excitations, and are obtained by
solving nonlocal Bogoliubov de Gennes equations [24]. The
quasiparticle operators satisfy [αˆi, αˆ
†
j ] = δij . Our results
should be quantitatively accurate as the maximum depletion
is small (< 7% of N0). We also note that meanfield theory
has been shown to accurately describe the stability boundaries
found in experiments and associated dynamics [25–27].
The mean cell number isNσ =
∫
σ
d3xn(x), where n(x) =
|ψ0(x)|2 + n˜(x) is the total density, with
n˜(x) =
∑
j
[
n¯j |uj(x)|2 + (n¯j + 1)|vj(x)|2
]
, (5)
the depletion (noncondensate) density, n¯j =
(
eβj − 1)−1
and β = 1/kBT the inverse temperature. Neglecting terms
greater than second order in the quasiparticles, we obtain
δN2σ =
∑
i
∫
σ
d3x1
∫
σ
d3x2 δni(x1)δn
∗
i (x2) coth
(
1
2βi
)
,
(6)
with δni ≡ ψ0 (ui − vi) the density fluctuation amplitude of
the ith quasiparticle, where we have taken ψ0 to be real.
In Fig. 2(a) we show the numerically determined stability
diagram for N0 = 2.5 × 104 164Dy atoms in a trap of as-
pect ratio λ = 20, indicating the range of contact and dipolar
interactions where all the quasiparticle energies are real and
positive. In the upper part of the stable region, where the DDI
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FIG. 2. (color online) (a) Stability phase diagram in interaction pa-
rameter space for N0 = 2.5 × 104 164Dy atoms in a λ = 20 trap
with ωρ = 2pi×10.8 s−1. The shaded region indicates where a stable
solution exists and the gray portions of the boundary mark the bound-
ary of density oscillation islands [6]. Crosses indicate the three sets
of parameters we examine in this paper with as/a0 = 0, 9.04, 18.1
as the cases we label as α, β, γ, with a0 the Bohr radius. The dipole
length is add ≡ mgdd/4pi~2 ≈ 132.6 a0 for 164Dy. (b) Quasiparti-
cle energies of mz = 0 modes as as is varied along the dashed path
in (a). Vertical lines mark the cases α, β and γ, and the crossed cir-
cle indicates the lowest energy roton mode.The contours of the den-
sity fluctuation δni for the roton shown in inset. Contour spacing is
3× 1011cm−3, solid lines (dot-dashed) represent positive (negative)
contours, while nodes are shown as thick black lines.
dominates, roton excitations tend to develop (e.g. see [14]).
Indeed, in Fig. 2(b) we show the energy spectrum along the
dashed path in Fig. 2(a) where we vary as, as can be done us-
ing a Feshbach resonance. As as becomes smaller we observe
a radially excited roton mode soften, leading to instability for
as ≈ −3a0. We note that there is a range of roton modes
softening, including those with nonzero values of angular mo-
mentum projection mz (which are not shown in the spectrum)
although the modes that soften all have a similar wavelength,
as indicated in the inset to Fig. 2(b). In Fig. 2 we indicate three
parameter sets that we will use here and have labeled α, β and
γ (differing by the value of as). The purely dipolar case α has
the most prominent rotons, while cases β and γ (progressively
3further from the stability boundary) may be more convenient
to explore experimentally. 3
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FIG. 3. (color online) δN2σ as a function of cylinder position R for
various diameters D for case α. (a) T = 0 with a depletion of N˜ =
171. (b) T = 5.2 nK with N˜ = 1570. Insets: Condensate, depletion
and fluctuation density. Densities evaluated at z = 0 and nF is
calculated using modes with ￿j < 20￿ωρ.
The total depletion is N˜ =
￿
d3r n˜ ≈ 1570 (i.e. 6% of N0)
at the highest T considered. The peak in the depletion den-
sity [see inset to Fig. 3(b)] near trap center reveals the pres-
ence of the confined rotons modes. To emphasize that the
rotons have a larger effect on the fluctuations than is sug-
gested by the depletion, we define and calculate a fluctuation
density by the correlator nF (r) ≡
￿
G(2)(r)− n(r)2, where
G(2) ≡ ￿(Ψˆ†)2(Ψˆ)2￿ (c.f. quasicondensate definition in [25]).
While nF is generally less than n˜ in a repulsive condensate
with contact interactions, for the dipolar gas it is significantly
enhanced [see inset to Fig. 3(b)] [26].
At T = 0 [Fig. 3(a)] and for R = 0 (cells at trap center)
the number fluctuations are almost Poissonian (δN2σ/Nσ ≈ 1)
for the smallest cell diameter D = 0.239 µm, increase to be-
come super-Poissonian for D ∼ 2 µm, and then decrease to
sub-Poissonian for D ￿ 3 µm. The dominant contribution to
the fluctuations in Eq. (6) arises from modes with wavelength
comparable to the cell width [19]. The dominant modes for
the smallest size cells are the high energy (free particle-like)
excitations, while for the largest cells it is the long wavelength
repulsively interacting phonon-like modes that suppress fluc-
tuations. For intermediate cell sizes comparable to half the
roton wavelength λrot/2 ≈ 1.5µm [see inset to Fig. 2(b)] the
fluctuations are enhanced by the effective attractive character
of the DDI for modes at this scale. This roton peak in δN2σ
is a key feature of dipolar condensates and can be used as a
signature of the emergence of roton excitations.
Temperature plays an important role in BEC fluctuations,
and the results in Fig. 3(b) are for a case typical of the low-
est temperatures obtained in experiments (≈13% of the criti-
cal temperature) [27]. These results show that thermal effects
wash out the sub-Poissonian fluctuations in large cells, while
the roton peak in δN2σ (occurring for D ∼ λrot/2) is signif-
icantly enhanced. For both temperature regimes in Fig. 3 the
height of the roton peak decreases with R as the cell is moved
away from the central region, because the rotons are effec-
tively confinement to trap center [16].
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FIG. 4. (color online) Peak fluctuations (at R = 0) within a cylindri-
cal cell (a) as a function of temperature at diameter D = 1.67µm,
and (b) as a function of cylinder diameter at T = 5.2nK. Each
graph has results for three different values of contact interaction (see
Fig. 2). Solid: full calculations and dashed: LDA result (see text).
Figure 4(a) examines the fluctuations at R = 0 for a cylin-
der of fixed diameter D = 1.67 µm, chosen to be sensitive to
the roton excitations, as a function of temperature and for sev-
eral values of the contact interaction. In all cases the plateau at
low T represents the quantum fluctuations associated with the
rotons, while the transition to a rising line coincides with the
thermal activation of these modes, occurring when kBT is of
the order of the lowest roton energy. With reference to spectra
in Fig. 2(b) we note that the energy of the lowest roton in-
creases as as increases. In Fig. 4(b) we show the dependence
of δN2σ on cell diameter. Importantly, the results with larger
as (where the roton energy is higher), and the roton peak in
δN2σ at D ∼ 12λrot is smaller, but still discernible.
In Fig. 4(b) we also present results of a simplified theory
based on the local density approximation (LDA) for calculat-
ing the fluctuations in the quasi-two-dimensional (quasi-2D)
regime, valid when kBT < ￿ωz . This LDA theory makes use
of the GPE wavefunction but avoids the computational chal-
lenging step of calculating all the quasiparticles and integrat-
ing them over the cell region σ, as required to use Eq. (6). We
first note that for a uniform quasi-2D system the fluctuations
in a disk of radius D is
δN2σ = n2D
￿
d2kρ
J21 (
1
2Dkρ)
k2ρ
S(kρ), (7)
with S(kρ) the static structure factor, n2D the areal density,
and the Bessel function term arising as a geometric factor for
the cell [19].
The basis of our approach for extending this result to
the trapped system is to use ψ0 to calculate a local Bo-
FIG. 3. (color online) δN2σ as a function of cylinder position R for
various diameters D for case α. (a) T = 0 with a depletion of N˜ =
171. (b) T = 5.2 nK with N˜ = 1570. Insets: Condensate, depletion
and fluctuation density. Densities evaluated at z = 0 and nF is
calculated using modes with j < 20~ωρ.
Cylindrical Cells We present results for δN2σ for the purely
dipolar case α in Fig. 3. These results are calculated using
Eq. (6) in normally ordered form and include contributions
from ∼ 104 quasiparticle modes. We emphasize that our cal-
culations are fully three-dimensional and we have performed
tests with up to 105 modes finding changes in δN2σ of .0.7%.
The total depletion is N˜ =
∫
d3x n˜ ≈ 1570 (i.e. 6% of N0)
at the highest T considered. The peak in the depletion den-
sity [see inset to Fig. 3(b)] near trap center reveals the pres-
ence of the confined roton modes. To emphasize that the ro-
tons have a larger effect on the fluctuations than is suggested
by the depletion, we define and calculate a fluctuation den-
sity by the correlator nF (x) ≡
√
G(2)(x)− n(x)2, where
G(2) ≡ 〈(Ψˆ†)2(Ψˆ)2〉 (cf. quasicondensate definition in [28]).
While nF is generally less than n˜ in a repulsive condensate
with contact interactions, for the dipolar gas it is significantly
enhanced [see inset to Fig. 3(b)] [29]. For this reason a self-
consistent treatment of the excitations (e.g. see [34, 36]) in
this regime would be desirable.
At T = 0 [Fig. 3(a)] and for R = 0 (cells at trap center)
the number fluctuations are almost Poissonian (δN2σ/Nσ ≈ 1)
for the smallest cell diameter D = 0.239 µm, increase to be-
come super-Poissonian for D ∼ 2 µm, and then decrease to
sub-Poissonian for D & 3 µm. The dominant contribution to
the fluctuations in Eq. (6) arises from modes with wavelength
comparable to the cell width [19]. The dominant modes for
the smallest size cells are the high energy (free-particle-like)
excitations, while for the largest cells it is the long wavelength
repulsively interacting phonon-like modes that suppress fluc-
tuations. For intermediate cell sizes comparable to half the
roton wavelength λrot/2 ≈ 1.5µm [see inset to Fig. 2(b)] the
fluctuations are enhanced by the effective attractive character
of the DDI for modes at this scale. This roton peak in δN2σ
is a key feature of dipolar condensates and can be used as a
signature of the emergence of roton excitations.
Temperature plays an important role in BEC fluctuations,
and the results in Fig. 3(b) are for a case typical of the low-
est temperatures obtained in experiments (≈13% of the criti-
cal temperature) [30]. These results show that thermal effects
wash out the sub-Poissonian fluctuations in large cells, while
the roton peak in δN2σ (occurring for D ∼ λrot/2) is signif-
icantly enhanced. For both temperature regimes in Fig. 3 the
height of the roton peak decreases with R as the cell is moved
away from the central region, because the rotons are effec-
tively confined to the trap center [16].
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FIG. 4. (color online) Peak fl ctuations (at R = 0) withi a cylindri-
cal cell (a) as a function of temperature at diamet r D = 1.67µm,
and (b) as a function of cylinder diameter at T = 5.2nK. Each
graph has results for three different values of contact interaction (see
Fig. 2). Solid: full calculations and dashed: LDA result (see text).
Figure 4(a) examines the fluctuations at R = 0 for a cylin-
der of fixed diameter D = 1.67 µm, chosen to be sensitive to
the roton excitations, as a function of temperature and for sev-
eral values of the contact interaction. In all cases the plateau
at low T represents the quantum fluctuations associated with
the rotons, while the transition to a rising line coincides with
the thermal activation of these modes, occurring when kBT
is of the order of the lowest roton energy. With reference to
spectra in Fig. 2(b) we note that the energy of the lowest roton
increases as as increases. In Fig. 4(b) we show the depen-
dence of δN2σ on cell diameter. Importantly, for the results
with larger as (where the roton energy is higher), the roton
peak in δN2σ at D ∼ 12λrot is smaller, but still discernible.
We emphasize that the fluctuation signal for case β peaks at a
value of 4 times the Poissonian case.
In Fig. 4(b) we also present results of a simplified theory
based on the local density approximation (LDA) for calculat-
ing the fluctuations in the quasi-two-dimensional (quasi-2D)
regime, valid when kBT < ~ωz . This LDA theory makes
4use of the GPE wavefunction but avoids the computationally
challenging step of calculating all the quasiparticles and inte-
grating them over the cell region σ, as required to use Eq. (6).
We first note that for a uniform quasi-2D system the fluctua-
tions in a disk of radius D is
δN2σ = n2D
∫
d2kρ
J21 (
1
2Dkρ)
k2ρ
S(kρ), (7)
with S(kρ) the static structure factor, n2D the areal density,
and the Bessel function term arising as a geometric factor for
the cell [19]. 4
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FIG. 5. (color online) Fluctuations versus washer radius R and for
various washer widths W for the as = 0. (a) T = 0 results. Inset:
δni for the lowest roton mode [repeated from inset of Fig. 2(b)].
(b) T = 5.2nK results. Inset: The dashed curve shows the number
fluctuations calculated using only the lowest roton mode, compared
to the full calculation (solid).
goliubov dispersion relation ￿B(kρ,ρ) at each radial posi-
tion ρ = (x, y) (see [14] for details), from which a lo-
cal static structure factor can be obtained as S(kρ,ρ) =
￿2k2ρ
2m ￿B
coth
￿
1
2β￿B
￿
. The static structure factor for the sys-
tem within the cell σ can then be computed by the density
weighted LDA sum Sσ(kρ)=
￿
σ
d2ρn2D(ρ)S(kρ,ρ), where
n2D(ρ) ≡
￿
dz |ψ0(ρ, z)|2. The number fluctuations for the
trapped system is then given by Eq. (7) with the replacement
S(kρ) → Sσ(kρ). The comparison in Fig. 4(b) demonstrates
that the LDA results provide a useful quantitative estimate.
Washer-shaped Cells It is interesting to consider more gen-
eral cells shapes for measuring δN2σ . Here we examine the
non-simply connected washer-shaped cell (see Fig. 1). We
show δN2σ for this cell versus washer radius R and for vari-
ous washer widths at both zero [Fig. 5(a)] and finite temper-
ature [Fig. 5(b)]. The most striking feature of these results
is the emergence of fine oscillations in δN2σ as R is varied.
This arises because the washer geometry only allowsmz = 0
modes to contribute [28], thus only a small number of modes
contribute to the result. Indeed, in the inset to Fig. 5(b) we
compare the full result for δN2σ to that calculated by restrict-
ing the sum in Eq. (6) to just the lowest energy roton mode,
and find reasonable agreement, with the difference being due
to excitedmz = 0 modes. The broad envelope of these oscil-
lations is similar (as a function of R) to that observed for the
cylindrical cells in Fig. 3 (reflecting roton confinement).
Conclusions In this paper we have examined the number
fluctuations that occur within small cells of a dipolar BEC.
We have shown that these fluctuations provide a large signal
indicating the presence of roton excitations, even when the
depleted density associated with these excitations is small.
Our results show that the fluctuations are highly dependent
of the cell size relative to the roton wavelength, and should
be practical to measure in experiments with imaging that can
resolve cells of size ∼ 2 µm. This resolution has been ap-
proached in similar style quasi-2D experiments with Cs [18],
and well-exceeded with quantum gas microscope (e.g. [29])
and in scanning electron microscopy [30] experiments. While
we have focused on a physically realizable regime with Dy,
we emphasize that Cr and Er systems are also suited to this
type of measurement.
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∫
dz |ψ0(ρ, z)|2. The number fluctuations for the
trapped system is then given by Eq. (7) with the replacement
S(kρ) → Sσ(kρ). The comparison in Fig. 4(b) demonstrates
that the LDA results provide a useful quantitative estimate.
Washer-Shaped Cells It is interesting to consider more gen-
eral cells shapes for measuring δN2σ . Here we examine the
nonsimply connected washer-shaped cell (see Fig. 1). We
show δN2σ for this cell versus washer radius R and for var-
ious washer widths at both zero [Fig. 5(a)] and finite temper-
ature [Fig. 5(b)]. The most striking feature of these results
is the emergence of fine oscillations in δN2σ as R is varied.
This arises because the washer geometry only allows mz = 0
modes to contribute [31], thus only a small number of modes
contribute to the result. Indeed, in the inset to Fig. 5(b) we
compare the full result for δN2σ to that calculated by restrict-
ing the sum in Eq. (6) to just the lowest energy roton mode,
and find reasonable agreement, with the difference being due
to other excited mz = 0 modes. The broad envelope of these
oscillations is similar (as a function of R) to that observed for
the cylindrical cells in Fig. 3 (reflecting roton confinement).
Further refinement of the cell geometry (e.g. segments of a
complete washer) could be used to select for mz 6= 0 roton
modes which are predicted to play an important role in bicon-
cave ground states (see [6]).
Conclusions In this paper we have examined the number
fluctuations that occur within small cells of a dipolar BEC.
We have shown that these fluctuations provide a large signal
indicating the presence of roton excitations, even when the de-
pleted density associated with these excitations is small. Our
results show that the fluctuations are highly dependent on the
cell size relative to the roton wavelength, and should be prac-
tical to measure in experiments with imaging that can resolve
cells of size ∼ 2 µm. This resolution has been approached
in similar style quasi-2D experiments with Cs [18], and well
exceeded with other quantum gas microscope (e.g. [32]) and
in scanning electron microscopy [33] experiments. While we
have focused on a physically realizable regime with Dy, we
emphasize that Cr and Er syste s are also suited to this type
of measurement.
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